Chapter of
Constructions

Doing constructions with a straightedge and compass is one of the
foundations of geometry, historically speaking. Constructions have
allowed mathematicians to understand the relationships between
shapes and distances without having standardized units of measure.
Architects, surveyors, astronomers, inventors, and engineers used
these tools with precision to do calculations and create models of
diverse phenomena in an era when arithmetic and technology were
not yet up to the task.

Even if one does not go through all of Euclid, constructions are
a great way to have an introduction to his work, to understand some
of the philosophy behind ancient geometry, and to begin some work
with deductive reasoning in a more formal way. While one could go
through all of Euclid’s Elements Book | to get a thorough deductive
approach to geometry, that is not always the best way to approach the
subject, especially for the younger adolescents. We can still introduce
geometry through Euclid and build some of those foundational pieces
while saving the bulk of the formal reasoning for later.

The straightedge and compass are used as representations of
the ideal line and the ideal distance. They are meant to be tools of
the mind more than physical tools. A circle represents all points
equidistant from a given point, the center, thus producing equal
distances. This is true even though the actual measurement of those
distances may be less perfect than using some other method. It is the
idea behind the constructions that really count.




However, the physical side and quality to this work should
not be overlooked. Doing work by hand requires thoughtfulness,
concentration, and accuracy, which are not necessarily qualities
an adolescent naturally possesses. We understand this and help
the student work on and develop these qualities through using
constructions. Therefore, we always start with physical tools. It is
surprising how difficult it is to make a straight line accurately through
two given points using a straightedge, to make a circle with a
compass without a break in the line, or to have a circle meet back up
in the exact place it was started. These are worthwhile goals in and
of themselves and we want to cultivate the importance of careful,
accurate work while understanding the limitations of the material.
When one considers if a construction is correct, one must achieve
a reasonable balance between completing the required steps and the
accuracy of the work. The idea is ultimately the most important, but
a certain degree of accuracy should be expected.

This chapter will focus on certain sections of Euclid’s Elements
and six essential constructions. These are the building blocks from
which an incredible variety of other geometric constructions can
arise. The first, constructing the equilateral triangle, will be followed
with a formal, deductive proof. Students will all have the necessary
background to write this and it will serve as a simple example of
a formal deductive proof. In many ways, this proof is no different
from the work they have done in the Chapter of Logic. The other
five constructions—perpendicular bisectors, perpendiculars through
a point on the line, perpendiculars through a point not on the line,
angle bisectors, and copying an angle—will be presented here mainly
as a set of directions on how to do the physical construction. Using
these basic constructions to figure out how to do more complex
examples builds their ability to think through their work logically and
will make doing formal proofs easier later on, and so should be done as
early as possible.

To formally prove that these constructions do what we say they
do, students will need to know congruency theorems such as SSS and
SAS, which are presented in the Chapter of Congruency. These show
that two triangles are congruent if three known parts are congruent,
such as all three sides (Side-Side-Side, or SSS) or two sides and an
included angle (SAS). Many students will not know these before they
begin their work with constructions, so for the time being, we should



work with the students to give informal justifications to assure the
reasonableness of these constructions. We can do this using ideas
familiar to the students such as symmetry and the transitive property.
Doing this work shows the students that we should always think about
the why, not just the how. We can do this at different levels as students
increase their base knowledge. It is up to the teacher to understand
what prerequisite knowledge the students have when deciding to
what level we should prove these ideas. If students do an informal
justification now, we can always revisit these constructions later
when students learn their congruency theorems and do the proofs
then. The work is presented here with examples of both the informal
justifications and the formal deductive proofs.

Before we get to constructions, however, we will take some time
to look at the beginning of Euclid’s Elements, most notably definitions
and postulates, which are the building blocks of geometry. This speaks
to the philosophical nature of mathematics, and even if students don’t
completely understand and appreciate all of this yet, it is good to start
building those ideas and foundations as early as possible.
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EUCLID’S DEFINITIONS

Euclid starts Book | of the Elements with a list of twenty-three definitions. We wiill
explore a few of the key ones with the students, though we could do more if we
wish. This lesson also serves as an introduction to the use of the straightedge and
compass.

PRESENTATION

SAY “You have been using some ideas in geometry for a long time. | am going to
ask you to define the following terms in your own words, the best that you can.”

Ask students to write definitions for the following on their own: point, line, surface,
and circle.

Students will have a variety of responses for these. For each, we should
acknowledge what is good, yet question if it actually describes perfectly what we
mean. The following is the gist of a dialogue we would have with the students.

SAY “For the definition of a point, someone said ‘a dot.””

Draw a dot in the board.

SAY “But this is really a very small circle! We want something that is smaller
than this. How much smaller? Someone said it is so small it doesn’t exist, but if
it doesn’t exist, then how is it anything?”

We can discuss further.

SAY “Here is a similar question with numbers, one you may have never thought
about before. What is the smallest number greater than 3?”

Students may answer 3.000 001, etc., but we can always make it smaller.

SAY “Someone said 3 point infinite zeros, and then a 1, but if we have infinite
zeros, that means we never get to the one. That would actually be the same

as 3, wouldn’t it? In truth, there is no smallest number greater than three. It
doesn’t exist. How can that be? That is a tough question and similar to us trying
to define what a point is. The ancient Greeks thought about this question a lot:
What is the smallest thing? If it is too small, it doesn’t exist, but if it exists, can’t
we imagine making it smaller? A philosopher and mathematician named Euclid
lived about 300 Bce. He tried to take all the geometry that was known in the
ancient world and put it together in a logical way. He tried to give reasons for
why everything was true, and this was different from what had been done up to
that point. Before, people knew that math worked in specific cases because they
could use it and it worked! Buildings stood upright, field areas were calculated
correctly, distances were calculated accurately, etc. However, if someone asked in
a philosophical way, ‘how do we know for sure?’ there weren’t good or consistent



explanations. Euclid wanted to fix that. He decided to build all of geometry
from the simplest things he could and see if from those simple things he could
show that things people thought were true actually were true. He started with
the definitions of things; first, what a point is. He said, ‘A point is that which has
no part.” What do we think of this definition?”

Students can discuss.

SAY “In a way, that is what we mean when we say it is the smallest thing. But
if it has no part, isn’t that nothing? Euclid had the same difficulty that we are
having, but this is how he has chosen to define a point. We could use our own
definitions if we like, but we all have to have the same understanding of what
we are talking about. A definition needs to be accurate and concise, but some
of these are difficult for such simple ideas. It’s hard to find the right balance
between simplicity and precision. Does the result help or hinder other peoples’
understanding of the concept? We all know what a point is, but to define it in
a way that makes total sense is a difficult thing.”

Discuss students’ definition of the line.

SAY “Let me try to draw a line here. Here we have two points—or rather, a small
circle that represents the idea of a point. If a point really has no part, then | can’t
draw it. This represents that idea. Now, let me draw the line.”

Use a straightedge to make the line.

SAY “Notice how | am using this straightedge. Even if it isn’t actually perfectly
straight, and | guarantee it isn’t, it represents the idea of perfect straightness,
just as our dot represents that perfect point, that place in space. Whenever we
want to make an ideal line, we have to use a straightedge, and we say we are
constructing this line, not drawing it. If | were to draw a line freehand, then that
is a human line, but when we use the straightedge, we are using this ideal line,
the perfect line that can only be imagined.”

Construct the line.

SAY “What have | made here? It’s a really thin rectangle! It has a length, and
the width here might be half a millimeter. But a line is just length; it should

be infinitely thin, right? Could we see it if it was infinitely thin? No. Just like
the point, we have to represent this ideal the best we can, meaning pure
‘lengthiness.” How does Euclid define a line? He says it is ‘breadthless length.’
He is saying we want only the length and no width to our rectangle. In other
words, we want just the edge of our straightedge. How thick is just the edge?
It is infinitely thin. Further, if a line can connect two points, it certainly can’t be
larger than the point, so if the point has no part, then the width of this line also
should have no part. This seems to make more sense than the definition of the
point, and is easier to imagine.”

Go on to the definition of a surface.
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SAY “Euclid says a surface is ‘that which has length and breadth only.’ If a line
has length only, then a surface has width as well, but this means it has no height.
It is like a sheet of paper with no thickness. That is hard to imagine, but no more
so than the line. Look at this table. If | ask how thick the table is, you might

say an inch or a few centimeters, but what about just the surface? There is no
thickness, it just is. The actual surface has no thickness to it, but you can go
across and side to side. It has length and breadth, but no depth.”

Ask students for their definition of a circle. This will be more difficult, but if we draw

what they say, many of their definitions might not be circles. “A curved line that
makes a shape,” for example, can mean a bean-like object.

SAY “We all know what a circle is, but it is difficult to define. Let’s see what
Euclid says: ‘A circle is a plane figure contained by one line such that all the
straight lines falling upon it from one point among those lying within the figure
are equal to one another.’ He goes on to say in another connected definition,
‘And the point is called the center of the circle.” He is saying that you have

a figure with a point in it, which he later calls the center, and all lines that fall
upon (touch) the center must be equal. We can try to build a circle from his
definition. Let’s start with a point that we’ll call the center (draw this). Now the
circle is contained of all the points that are equidistant from this point (draw the
circle around the center). If we draw any line from the center to the circle, these
will all be the same length (do this). We call each of these lines a ‘radius’ of the
circle. All radii of circles are equal because of the shape’s definition. All these
points on the circle are exactly the same distance from this center point. What
about in my drawing? Certainly not, probably not even close, but we can imagine
the perfect circle. Just like the straightedge was used to make the perfect line,
we have a tool to make the perfect circle. It is called a compass.”

Show the compass.

SAY “The first compass was probably a string around a stick. In fact, we can do
that if we want.”

e |f we have a chalkboard or whiteboard, we can try to make a circle using the
string as a radius.

SAY “This compass is a tool that is used to make perfect circles. Will the circles
actually be perfect? Probably not, even if | am as careful as | can be. I'm sure if
we got a magnifying glass or very accurate measuring tools, we would see this

is not perfect. Also, | am making a line, which we know should have no thickness
anyway! The point is that when we use this tool, the circle we construct always
represents the perfect circle. Why would the circle be so important? It is not
because of the circle, but because of the radii. Since all radii must be equal, this
is a way to make two equal lengths. We don’t have to use any measuring tools or
units like inches or centimeters, or anything like that. We know for a fact, just by



using our minds, that this distance (construct radius) and this distance (construct
another radius) must be equal. There is no other length it could be if we actually
have a circle here. These tools, the straightedge and the compass, allow us to
work with ideas that are pure and exist only in our minds, yet they perfectly
represent all the imperfect objects of real life. These lines and circles are called
‘abstractions.” The word ‘abstract’ means ‘to draw from.” The Greeks drew from
what they saw around them and pulled out the essence of these in the line, the
point, the circle, the surface, and so on. These are the building blocks from which
all things are made.”

NOTES

* The Greeks did so much work with geometry partially because they did not have the
Hindu-Arabic numerals, zero, or place value—but they did have Greek numerals, which
were similar to Roman numerals. While these were great for keeping static quantities,
they were not useful in doing calculations. It was through geometry that mathematics
was able to be built. For example, multiplication was seen as area. Remnants of that
still exist today when we have geometric sequences and the geometric mean, which
have to do with multiplication. On the other hand, arithmetic sequences and arithmetic
mean are done through addition.

* We could explore other definitions further, but these are the most common and
essential for our work in constructions.

* We try to use the word “construct” when we use a straightedge and compass, and
“draw” when we can do things freehand. This helps later when we want students to
draw a rectangle, which can be done in a few seconds, as opposed to constructing
a rectangle, which would take many minutes.

e Different editions of Euclid’s E/lements offer different advantages. The Dover book
is very thorough, complete, as it has many pages of commentary about Euclid’s
definitions, axioms, propositions, and methods. In fact, the definitions do not even
start until page 153, followed by another 80 or more pages of commentary about
them! Thus, it takes three Dover books for all thirteen of Euclid’s books that comprise
the Elements. It is common to only work with students in Book |, and they can explore
further independently if they wish. The Heath edition contains no commentary and has
all thirteen books in one publication. The pages of the book are larger and have wide
margins for students to take notes.

THE MU-PUZZLE

The MU-Puzzle is taken from the book Gédel, Escher, Bach by Douglas R. Hofstadter.
It is a way to introduce a formal axiomatic system as a game or puzzle. This can

be done at any time as a fun game with students. Although this is not a necessary
activity, it is nice to do it before coming to Euclid’s postulates so that this activity
can be referenced.
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PRESENTATION

The MU-Puzzle is as follows. We are given a string of letters to start, here MI. There
are only three letters in this system: M, I, and U. We are allowed to alter Ml and any
subsequent string of letters we can make by applying any one of the following rules:

1. If you possess a string whose last letter is |, you can add on a U at the end.

2. Suppose you have Mx (x stands for all the letters after M). Then you may add
Mxx to your collection (example: MUUIIIU can become MUUIITUUUIIIU).

3. If lll occurs in one of the strings in your collection, you may make a new string
with U in place of Ill.

4. If UU occurs inside one of your strings, you can drop it.

Following these rules, and starting with MI, try to make MU.

NOTES

* MU is indeed impossible, but the questions to ask are, “Is it truly impossible, or are we
just not being clever enough? Is there some application of the rules we haven’t thought
of yet?” How do we know for sure that we will never be able to find MU? There is a
way to give logical reasons why this never will happen, but that is different from just
saying, “| tried lots of things for several hours and it seems like it won’t ever happen.”
As students try to solve problems in geometry (or math in general, or indeed even life)
some things will have solutions and others won’t. We have to know when to keep trying
and when to question whether the task can be accomplished. If we think the task can’t
be accomplished, we should then try to give a logical reason why to make sure we
didn’t miss something, and so we can be confident in moving on to other work.

* Doing some examples of how to apply the rules is a good start to help students see
what to do. As students work, they start to create new strings. They may also notice
some patterns, for example that they will always have one M and it will always be at the
beginning. We can ask, “Will that always be the case? How do you know?” The closest
students can get to making MU is when they start making lots of I’'s in a row, replacing
groups of three I's with U, and then getting UU and dropping those. That looks
promising but it won’t get us there. Why not? How do we know?

* When the students are presented the rules, they don’t have to do one rule or the
other; they have choices. This is the same when students work with Euclid. Students
can apply any of the postulates (and then later the propositions, which are made of
postulates) in any order that makes sense to them to achieve their goal.

* The given string Ml is like a definition. It is like using a line, point, or circle. It is the thing
with which we have to begin. Then we can use the object (definition) with a set of
rules. The rules are the axioms. Those are the things we are allowed to do. The strings
of letters we produce are the theorems (or in Euclid’s case, propositions). Some strings
can be created, and others cannot. This is the same as having some theorems that are
true and others that are not. We know a theorem is true if we can prove it. How do we
prove theorems? By staring with the axioms, applying them in some order, and arriving
at the theorem. For our MU-Puzzle, we played with the rules in any order, and every
string we produced was a “theorem.” Further, if we record the steps we took to get
there, then we have a proof. When students say, “l got MU,” we should always ask them
how. They then try to retrace their steps (the proof) and usually find a flaw in their
application of the rules or some other error. For any legitimate string, they can write
out the proof for how they know it exists.



- My analogy to definition, axiom, and theorems below is different than Hofstadter’s,
but | think it makes sense in terms of our work. Hofstadter calls Ml an axiom and the
rules “rules of production” or “rules of interference.” | prefer to think of them my
way, as those first three axioms of Euclid’s are really rules of what we are allowed to
do. | believe thinking of these in the way described above is helpful for students to
relate the two formal systems and helps to make clear what they can and cannot do,
and why.

* Once we know for sure a complicated string exists, such as MIUIUIUIU, we can pick
up from there rather than starting over from MI. Since we know we can always get to
MIUIUIUIU, we don’t have to start from the beginning. It becomes just like MI, except
instead of Ml being there for no reason, MIUIUIUIU is there for a reason. If we ask why,
we can trace it all the way back to MI, and then we are at the beginning again. This is
the power of an axiomatic system and geometry in the way Euclid built it. Once we
have proven a theorem or proposition, we now have that as a new tool in our arsenal.
We don’t have to start from the original axioms. We can instead rely on this new
proposition as if it were an axiom, since it can be traced back all the way to those
initial axioms.

EUCLID’S AXIOMS OR POSTULATES

Whereas the definitions give us the names of things, the postulates (or axioms) are
the key idea to working with Euclid and doing proof in general. These are the first
principles from which everything else arises.

PREREQUISITES

Students should have done some work with Euclid’s definitions before this lesson.
It also may be helpful to play the MU-Puzzle prior to this, and then revisit it once the
postulates are explained.

PRESENTATION

SAY “Imagine you want to learn an alien language and you found one of their
dictionaries, which defines every word they know. Let’s say you wanted to look
up a word that you didn’t know in this language. You look it up and there is

a definition, but you don’t understand any of the words in the definition! You
look those up, but you don’t understand any of those either! Even though this
dictionary defines every word in the alien language, it is not useful to us. How
is an English dictionary useful to us? It is useful because we already know some
words before we start using the dictionary. That is how it can work.”
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SAY “If Euclid wanted to build his geometry to reflect the world around him,

he had to base it on some things he believed would be obviously true (to
reasonable people). Working backwards, if someone were to ask why something
was true, he always wanted to have an explanation that made sense and that
could be followed by someone familiar with previously learned ideas. Those
earlier, simpler ideas could then be explained by even simpler ideas, and so on.
However, this means he would have to start with some elemental ideas. What

if someone asked why those were true? Those, he would say, are so simple and
basic that there is no way to explain them. You just have to accept them, and

if you do, then logically, you would have to accept the next idea, and then the
next, and so on. All of geometry is built upon accepting a few ideas without
explanation. Then you’ll see how basic and simple they are and understand why
Nno one can ever prove them to be true.”

SAY “Euclid had five axioms, or postulates, which he said that we should accept
without proof. These will become the building blocks with which we will build
our geometry. Do you remember playing the MU game? There were four rules to
follow, and we had a starting string of MIl. We could use the rules whenever we
wanted, and we would create new strings. Where did the rules come from? They
were given to us. We accepted them and played a game to create new strings
of letters. The same thing is happening here. Euclid gives us five rules and as

we put them together, we will not be creating strings of letters, but we will be
creating our geometry. These new ‘geometrical things’ we will create are called
propositions. Let’s look at Euclid’s axioms, or postulates.”

SAY “The first axiom reads, ‘To draw a straight line from any point to any point.’
This means that whenever we have two points, we are allowed to draw a line
between them. If someone asks, ‘Why can you do that?’ the answer is, “You

just can.’ Think about that. That is such a simple idea that it doesn’t need any
reasoning. Would you believe that is something you can do? Connect two
points with a line? Of course. That is Euclid’s first axiom. We will always use a
straightedge when doing this.”

e We could practice doing this on paper. Students should make points small and
try to connect them accurately with a line.

SAY “We have our first rule. Euclid’s second axiom is, ‘To produce a finite straight
line continuously in a straight line’” What does this really say? It says that if you
have a line that connects two points, you are allowed to make it longer. You don’t
have to, but you can if you want to. Why can | do that? You just can; there is no
reason, you are just allowed to. Again, though, it doesn’t seem like a reason is
needed.”

Students can practice extending their lines.



e We would normally call the first a “line segment” and the second a “ray” or
“line.” We can do these definitions in more detail as students may be familiar
with these terms from previous work, but Euclid did not worry about these
distinctions and for now, neither will we.

SAY “Now we have two rules we can use whenever we want to. His third axiom
is, ‘To describe a circle with any center and distance.” This means we can use our
compass to make a circle, as long as we have a point for the center and a line
for the length. Remember, this will allow us to make equal distances because of
the definition of a circle. Go ahead and use axiom two with the original line you
made.”

Students can make a circle using the compass.

SAY “Now with just those three axioms, we can actually do a lot of geometry!

In fact, Euclid does the first thirteen propositions with just these three rules.
Altogether there are 465 propositions, but with just two more rules, we can do
them alll Axiom four is, ‘That all right angles are equal to one another.’ That one
seems obvious, but the rule says that if we ever have two right angles, we know
they are equal. Remember, the Greeks did all their work without measuring; they
didn’t measure distances (they know they distances are equal because of the
circle) and they didn’t measure degrees. That is why this one is important. We
can do the first twenty-eight postulates of Euclid with just these four.”

Depending on our time and the direction in which we would like to move forward,
we can end here or move on to the parallel postulate.

SAY “We will explore the fifth postulate later, but for now we will just use these
four axioms and the definitions. These axioms are all about geometry, but Euclid
did have five more things that are true in general about mathematics, and

life, which we are told we should just accept. He calls these common notions,
meaning they are just ideas that are so basic we can just accept them. We will
discuss these later.”

The words “axiom” and “postulate” are interchangeable. Axiom is used here because
Euclid’s geometry and the MU-Puzzle are both examples of axiomatic systems, but
postulate is fine and is in many print editions of the E/lements. We can transition to
using postulate more when we want to emphasize a specific postulate, especially when
referring to Euclid.

Postulate 5, known as the parallel postulate, could be done now or later. We do not
need it to start our constructions, and there is so much to discuss with it that it may
distract from the usage of the first four postulates. However, it can add more depth to
the understanding of what a postulate is. After the first four postulates are introduced,
one can either do Postulate 5 or go on to common notions. At minimum, the common
notions should be done before doing the basic constructions.
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THE PARALLEL POSTULATE AND SPHERICAL GEOMETRY

If we wish to discuss spherical geometry for this presentation, we need a globe and
either string or a ring the size of the equator of the globe.

PREREQUISITES

Students should have had the Euclid’s Axioms or Postulates lesson, though not
necessarily immediately before this lesson.

PRESENTATION

Review the first four postulates if needed.

SAY “We have seen the first four postulates. All of them seemed obvious, with
no proof or reason needed. We could just accept them. The same is true for the
fifth postulate. No proof is required, and it should be obvious. Here is what it
says: ‘That, if a straight line falling on two straight lines make the interior angles
on the same side less than two right angles, the two straight lines, if produced
indefinitely, meet on that side on which are the angles less than the two right
angles.” Simple, right? Before we decide on whether this is obvious, let’s figure
out what it’s saying. First, we have a line ‘falling’ on two other lines. We would
use the word ‘intersecting’ today. This is what it looks like.”

SAY “The line that crosses these other two lines is called a transversal. This
word means running or lying across. We see the prefix trans- in many places:
transcontinental, transatlantic, etc. Now look on the right of the transversal. Do
you see these angles formed here, and how they are each less than 90°? Together,
then, they are less than 180°, or ‘two right angles,” as Euclid says. What he says
next is that if we extend these two lines indefinitely in both directions, they will
meet on this right side of the transversal, because the angles here are less than
180°. Why will they meet on this side? Euclid said that you can never know why,
it just /s. Just like the other axioms that had to accept, we have to accept this
too. We certainly believe the lines will intersect on the right side, but Euclid

was all about proving things and giving reasons why. Since this axiom was so
different than all the others in both its idea and its wording, people after Euclid
tried to prove this. We know that postulates or axioms can’t be proven, but that
is the point. People tried to show that this wasn’t an axiom at all, but something
that could be shown by using the other four postulates in clever ways. They
believed that Euclid wasn’t clever enough to figure this out for himself, and so



they thought they would be more clever and prove this, showing that only four
axioms were actually needed. People tried, and finally someone actually proved
this postulate using the others! However, it was then discovered that the proof
was incorrect. Later, someone else proved it, but they used the fifth postulate in
a way they didn’t see. Of course, you can’t use the fifth postulate to prove the
fifth postulate! As the centuries rolled by, mathematician after mathematician
tried to prove this and couldn’t do it. The fifth postulate was given a special
name, the parallel postulate, because it was used to prove many things about
parallel lines.”

SAY “The parallel postulate was bothersome because it didn’t seem like it
belonged. Some people dedicated their lives to trying to prove this axiom rather
than accepting it. One such mathematician was from Hungary, named Farkas
Bolyai. He lived in the early nineteenth century. He wrote a letter to his son, who
was also a mathematician. He wrote: ‘You must not attempt this approach to
parallels. | know this way to its very end. | have traversed this bottomless night,
which extinguished all light and joy in my life. | entreat you, leave the science of
parallels alone ... | thought | would sacrifice myself for the sake of truth. | was
ready to become a martyr who would remove the flaw from geometry and return
it purified to mankind ... | turned back when | saw that no man can reach the
bottom of the night. | turned back unconsoled, pitying myself and all mankind ...

| have traveled past all reefs of this infernal Dead Sea and have always come back
with broken mast and torn sail. The ruin of my disposition and my fall date back
to this time. | thoughtlessly risked my life and happiness.” That seems dramatic,
but this is how he felt about his life’s work. His son Janos wrote back to his father
and wrote, ‘/t is now my definite plan to publish a work on parallels as soon as

| can complete and arrange the material ... When you, my dear Father, see them,
you will understand, at present | can only say nothing except this: that out of
nothing | have created a strange new universe. All that | have sent you previously
is like @ house of cards in comparison to a tower.”" What could he have meant

by this?”

SAY “What Bolyai helped to discover, and what other mathematicians didn’t
think about, was going back to those definitions. The definitions of point,

line, and circle are vague, but they have meaning to us because we already
understand the concepts at some level. However, by themselves, they can mean
different things and would be open to interpretation. Bolyai said, ‘We have been
assuming that all this happens on a flat surface, but what if the surface was
curved? Now this may seem like a strange thing, but why should that be so?
After all, our planet is a curved surface; it is not flat, but it is a sphere!”

e We could again discuss the difference between the ideal and the practical with
the sphere as a model of the Earth, if necessary.

Take a globe and a ring that is the same size as the diameter.

1. Greenberg, pp. 163
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SAY “If we start here at the equator and walk in a straight line, we will end up
where we started! On a sphere, lines are actually circles! We define a line on a
sphere as a ‘great circle.’ It is a circle whose center is the center of the sphere.
Travelling along a great circle will be the shortest distance between two points,
which is another way we can think of the definition of a straight line. If we want
to travel from New York to Seoul, we wouldn’t head directly west, but instead we
would fly north, almost over the North Pole.”

Take the ring and show this.

SAY “Look at these lines of longitude. These are all great circles, but look here at
the north and south poles. They all intersect here! On a sphere, you cannot have
parallel lines at all! Every line intersects every other line exactly two times. Here
is something else different. Have you heard that the sum of the interior angles of
any triangle is 180°? That is only true if you are on a flat surface. If you are on a
spherical surface, which we are, the interior angles of a triangle add up to more
than 180°! In fact, here is a triangle with three right angles.”

Start from the North Pole and go to the equator, then go due east a quarter of the
way around the globe, then turn due north.

SAY “Bolyai realized that the parallel postulate was necessary to the geometric
world Euclid created, which all takes place on a plane. Geometry on a plane

is now called Euclidean geometry. Bolyai realized this fifth postulate seemed
so strange because of how we define line and circle, and so on. In fact, there
was much more geometry to learn if we have a different surface. The type of
geometry Bolyai helped to build was called ‘hyperbolic geometry,” which can
be thought of as being on a curved surface that is inverted, like a saddle, rather
than rounded, like a globe. It was completely new, with different postulates, but
the key to this discovery was his understanding of why Euclid’s fifth postulate
was necessary.

Definitions can be tricky; even when people think they agree on them, how
do we know they really understand the same thing in the same way? Words
change meaning and no matter how precise one tries to be, there is always some
room for interpretation. When Euclid made his definitions, he wrote them to try
to convey an idea that he believed everyone intuitively understood. When we did
the MU puzzle, we had rules (or postulates) to follow, and the resulting strings
(or propositions) didn’t mean anything. In a similar way, we can think of Euclid’s
postulates as arbitrary rules to follow. Then, we can see what we get by following
them. The difference is that Euclid was also trying to describe the world around
him, so those definitions weren’t arbitrary. They were trying to describe concepts
that he had in mind. However, by changing the way we understand those
definitions, one can still follow the same rules but end up with something that
may or may not have the original intention of the author. Bolyai took a closer
look at the original definitions and interpreted them in a different way, creating
a new geometry that described what happens on curved surfaces, rather than
flat, as Euclid intended.”



NOTES

* In the original diagram, we made both interior angles on the right of the transversal less
than 90°, however this does not always have to be the case. For example, one angle
could be 100° and the other could be 70° and they will still intersect on that side. It is
easier to see that they will intersect if they are both less than 90°, and so this was the
initial example that was used. But what is important is that they sum to less than 180°.

e Students can do more work exploring spherical geometry and its properties.

e |f aring the size of the equator is not available, we can find the shortest distance using
string. One option is to make a circle of string the size of the equator and then pull that
tight wherever it is needed. A second option is to have students hold down both ends
of a string at the end points. One student will pull it taut while keeping the endpoints
fixed. This will naturally pull to the shortest length. A third option is to use a large
rubber band capable of circling the globe with low tension.

* Another good resource is airline maps. They often will show the routes between cities
where the curves seem crazy because they are on flat paper. These can be compared to
the same routes on a globe to show that these pathways are indeed the shortest routes.

® Spherical geometry is discussed here because it is more natural and intuitive for the
student to understand than hyperbolic geometry.

e Another postulate equivalent to the parallel postulate is called Playfair’'s axiom. It states
that given a line and a point not on that line, there is exactly one line through that point
that is parallel to the line. There are many other equivalent statements for which the
parallel postulate can be replaced, but it can never be eliminated.

COMMON NOTIONS

PREREQUISITES

Euclid’s Axioms or Postulates. The lesson on The Parallel Postulate and Spherical
Geometry is not necessary.

PRESENTATION

SAY “Euclid had five postulates, or axioms, which were ideas about geometry
that we have to assume are true. To him and to most people, they are common
sense. To go along with these five postulates about geometry, he had five more
postulates, but he called them common notions. These common notions are five
fundamental ideas about relationships in general that as human beings we all
know to be true. They don’t require any proof, and we can assume they are true.”
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SAY “The first common notion reads, ‘Things that are equal to the same thing
are equal to each other.’ Let’s do an example. If 3+ 4 =7,and 2+ 5 =7, then

3+ 4 =2+5.Is this true? Certainly. It is common sense. Let’s talk about height.
If Abby is as tall as Charlie, and Beth is as tall as Charlie, then what do we know
about Abby and Beth? Yes, they are both the same height, because they are
both the same height as Charlie. The phrase ‘is as tall as’ is just like ‘is equal

to.’ Today we use a slightly different version of this notion called the transitive
property. Like the word transversal, the trans- part of the word means to go
across, so the idea of things being equal can go across the two people to the
third. The transitive property states that if A has a relation with B, and B has the
same relation with C, then A has the same relation with C. What are some other
things that hold true under the transitive property?”

Students can give examples of phrases that hold under the transitive property such

T

as “is as heavy as,” “is less than,” or “is as nice as.”

e When we do this, having a format is helpful. When determining if a phrase holds

true under the transitive property, we can place it in the blank spots below.

if A B
and B C
then A C

SAY “From our examples, it seems as if all things hold under the transitive
property—but that is certainly not true! Can you think of an example of
something that is not true under the transitive property?”

e Students may struggle with this, but we could give examples and they could
come up with their own.

e Examples include, “is the father of,” “is best friends with,” and “is next to.”

SAY “There are many other examples, but we only need ‘is equal to,” which is
true under the transitive property. Common notions 2 and 3 go together and
you have seen these in your algebra class. Common notion 2 reads, ‘If equals be
added to equals, the wholes are equal” Common notion 3 reads, ‘If equals be
subtracted from equals, the remainders are equal.’ In other words, if you and a
friend each have $20, and | give you each $3 more, then you will still have the
same amount. What is important here is that it doesn’t matter how much you
have; we know the amounts will be equal. For example, if you both have the
same amount of money, but | don’t know how much, and you both spend the
same amount at lunch, and again, | don’t know how much, then | know logically
that you must have the same amount of money. | know this without doing any
arithmetic or knowing any numbers. That is what is important here.”



SAY “Common notion 4 reads, ‘Things that coincide with one another are equal
to one another.’ Here we are talking about shapes. If | have two shapes and | can
match them up on top of one another perfectly, then they are equal. How could
it be any other way? Last, the fifth common notion reads, ‘The whole is greater
than the part.’ If we take a part of something, we know the part we took away
has to be less than the original amount.”

e Euclid was referring to the strict part, meaning it could not be inclusive of
the whole.

NOTES

e Common notion 5 is not true if we include negative numbers. If we think of 3 as being
comprised of two parts, 5 and -2, then the whole, 3, is smaller than the part of 5.
However, the Greeks did not deal in negative numbers because math had to describe
real, physical objects, not imaginary ideas like negative numbers. Euclid used common
notion 5 mainly to discuss the relative sizes of angles or line segments.

* When determining if a phrase holds under the transitive property, we should use the
modern definition and the phrasing given above with the fill-in-the-blanks approach,
rather than using Euclid’s wording and simply changing out equa/ for our new phrase.
For equality, it does not matter if we use Euclid’s definition or the modern definition of
transitivity because equality is true under both. However, the relation “is less than” is
transitive, but would not be transitive if we used Euclid’s wording. Under the transitive
property, if A< B and B < C, then it is true that A < C, but since Euclid says that things
that are equal to the same thing must be equal, if we replaced equal with less than, we
would need to say if A< Cand B < C, then A < B, which may or may not be true (9 <10,
4 <10, but 9 is not less than 4). Introducing the transitive property in general and
using the modern definition does not take anything away from Euclid. We can use our
definition without interfering with what he did or causing confusion and that will likely
cause less confusion for students in the long run.

The Six Basic Constructions

These constructions are presented as if students have no formal geometric
knowledge other than the introduction to Euclid. It is fine to have students work
with constructions at a more inductive and intuitive level, and then they can

add more rigor later as they learn more theorems. A lack of rigor should not

hold students back from exploring and working with these constructions. The
construction of the equilateral triangle is the only one that will be presented here
with only a formal proof. This is because students will have all the tools to prove it
at this point, and it will help them get the idea of proof in geometry. Hopefully, they
have been doing proofs through the Guess My Number game and other activities.
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Justifications for the other five constructions should be talked about if students
do not have the formal background of the congruency theorems, and students can
give their own proofs based on what they think they know. It is good practice for the
process of formal proof, and as students gain more knowledge, they can revisit and
prove using the proper theorems. Both justifications for why the construction works
as well as an example of a formal proof have been included. The teacher should
decide which level to pursue for each of these other constructions.

Doing all six constructions at once offers a great variety of activities for students to
pursue and can get them interested in geometry in an informal way until they are
developmentally ready for the deductive approach.

CONSTRUCTING AN EQUILATERAL TRIANGLE

PREREQUISITES

We should have discussed the purpose of constructions and Greek thought, as
stated in the introduction to this chapter and the introduction to the Chapter
of Logic. We should also have done at least some work with Euclid’s Definitions,
Euclid’s Axioms or Postulates, and Common Notions.

PRESENTATION

SAY “Let’s use the postulates to see what we can make. Let’s start with a line
that has two endpoints, A and B. This is just the definition of a line, so we can
begin with this. It is like we are given Ml in our MU Puzzle game. Now, let’s see
what we can do with this line. We have a few choices.”

Make line AB. Ae———B

SAY “First, we will apply Postulate 3. We
can choose any center and any distance.
Let’s choose A to be the center and the
distance to be from A to B. We can make
our circle with the center of A now.”

Construct this circle with the students. B

SAY “Now what shall we do? Let’s use
Postulate 3 again, but this time, let’s
choose B to be our center. We’ll make
the length from B to A.”

Make this circle with the students.

SAY “We can see that these two circles
intersect up here. They intersect in a point,
so let’s call this new point C.”



Label this.

W
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SAY “Let’s apply Postulate 1. That says we

can connect any two points with a straight c

line. Let’s connect point C to A. We'll use

Postulate 1 again, this time connecting

point C to B. Then, according to Euclid, we

have constructed an equilateral triangle! A B
What does that mean? It means that all

sides are the same length. How can we

know this is truly equilateral when we

2 « Chapter of Constructions

haven’t done any measurements? Let’s
think about what we have done.”

SAY “Sides AC and AB are both radii of this circle with center A. By the definition
of a circle, we know that all radii are equal. Therefore, AC = AB. When we made
our second circle around B, we also have two radii: AB and BC. Therefore, AB = BC.
However, by common notion 1, we know that equals that are equal to the same
thing are equal to each other—or as we call it today, the transitive property. Since
AC =AB and AB = BC, then AC = BC, and so all three sides are equal. We know that
as a fact; not because we measured it, but because of the ideas. | am sure if we
actually measured it, our sides would be a little bit off, but since we constructed
it rather than drawing it, we are dealing in the absolute mathematical sense, and
so we go by our logic; our logic is correct so our conclusion is correct. We have
constructed an equilateral triangle!”

When showing the second pair of sides are equal, | chose to say AB instead of BA.
Obviously, these are both the same, but since the line goes from B to A in the way we
constructed it, this would be another way to write it. However, then we would need
to introduce the reflexive property to show that AB = BA. We could talk about that
property here or earlier if we want, but it is often preferable not to get too technical
in the early stages and instead focus on the ideas, as long as there is a high level of
correctness.

Notation that is also used is AB = BC. This is not seen in Euclid and is not necessary
here. Again, we want to express ideas clearly, and AB = BC does this. We can have
students be familiar with this notation and discuss these, but again, we do not want this
to get in the way of the big ideas.

When we create C, we are ignoring the intersection point below the line! Euclid ignores
this as well, but there is much discussion about this construction and Euclid’s writing
by mathematicians ancient and modern (and much can be found in the Dover edition
of the Elements). When Euclid wrote, he left out many special cases and possibilities
such as this, partly as exercises for his students. We should feel free to do the same.

When students practice this construction, it is good to give the original line in
different orientations.
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* We do not need to make the entire circles; we just have to make the arcs of the circles
intersect. Eventually, we can show students this, but not until they have had enough
practice to have internalized that the arcs are actually parts of the circle. Without
the entire circle, it is often difficult to see that the lines made are actually radii of
a circle, and then doing proofs or justifications becomes difficult. Making the whole
circle reinforces the concept behind the construction, not just the mechanics of it.

At some point, we will need to transition to this, as the more complicated drawing will

become unwieldy.
C

A B

e After this lesson, students can do follow-up work or do another construction.

CONSTRUCTING A PERPENDICULAR BISECTOR

PREREQUISITES

Constructing an Equilateral Triangle. If we wish to do the formal proof, then students
need Euclid’s Definitions, Euclid’s Axioms or Postulates, Common Notions, and work
from the Chapter of Congruency.

PRESENTATION

SAY “We know how to make an equilateral triangle. A second construction

that we will learn is how to make a perpendicular bisector. What does that
mean? A perpendicular line is one that meets another line at right angles. It has
a special symbol: L. You can see the two right angles in the symbol, one on each
side of the line. From Postulate 4, we know that all right angles are the same.
The line we construct will make the angles on both sides of it look like they are
the same size.”

We could also say 90°.

SAY “What does bisector mean? The prefix bi- means two and sect comes from
the Latin secare, meaning to cut. A bisector is a line that cuts another line in two,
but in a special way. It will cut the line into two equal pieces. We will do this: cut
a line in half with a perpendicular line.”



SAY “Do you remember the construction
for the equilateral triangle? Do that
construction, but don’t actually make the
other two sides of the triangle.”

SAY “We labeled this intersection point C
and then connected it to both A and B

to make a triangle. Did you notice that
the circles also meet in a second point
underneath the line? What would happen
if we used that point instead? We could
connect it and we would still have an
equilateral triangle. Let’s label that as
point D.”

SAY “If we connect point D to C, we have
created the perpendicular bisector of
AB. It is at right angles to AB and it cuts
AB in two equal pieces. Why should we
believe that?”

Construct CD.

Now we can do a justification or
a formal proof.

Justification

80O

80

Students can say something like the following, or we can help guide them:

The equilateral triangle is a very symmetrical figure. All the sides and angles are
the same measure. We can show this if we want by using AABC and common
notion 4, and rotating the triangle and superimposing it on itself. We also know
that AABD, if we were to construct it, would be the same as AABC. We have a
perfectly symmetrical picture with C and D directly above and below the midpoint
of AB. Therefore, the line CD must be in the middle of AB. Because it is perfectly
symmetrical, the angles that CD makes with AB must also be symmetrical, or even,

or equal, and thus have to be right angles.
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Proof

We need to show both that CD 1. AB and C
that CD bisects AB.

Construct equilateral triangles ABC and ABD
and label the intersection of AB and CD
point E. E

Consider AACD and ABCD. AC = BC and

AD = BD because they are both sides of the
same equilateral triangle. CD = CD by the D

reflexive property (both triangles share CD).

Therefore AACD = ABCD because of SSS.

Since AACD = ABCD, their corresponding parts are congruent, namely ZACD = ZBCD.
Now consider AACE and ABCE. AC = BC and ZACD = /BCD, as shown before, and
EC = EC because of the reflexive property. Therefore, AACE = ABCE because of

SAS, and thus their corresponding parts are congruent, namely ZAEC = ZBEC, and
since together they form the line AB, they are supplementary. Two angles that are
supplementary and equal must be right angles. Therefore, CD 1 AB by the definition
of perpendicular. Further, since AACE = ABCE, the corresponding parts AE = BE.
Thus, E is the midpoint of AB, making CD the bisector of AB. Therefore, CD is the
perpendicular bisector of AB.

NOTES

* Where the perpendicular bisector meets the original line is the midpoint. The
construction of the midpoint would be the same, but the object created would
be different.

® The proofs are written in paragraph form. Many high school geometry classes do two
column proofs, but that is not the way mathematicians write. Mathematicians will use
abbreviations, but they write paragraphs. We should do the same with our students.
Not only is it better form, but students should have had practice explaining things
in complete sentences and it is a natural way to explain things. We are free to show
a two-column proof as a short way of abbreviating what is in our sentences, but we
should not go to this too quickly. Students often go to two-column proof without
having a thorough understanding of the process and it becomes a guessing game of
what comes next without logical or rational thought. It is best not to show two-column
proofs until students have a clear grasp of the written form so that the two-column
proof is truly an abbreviated form of a well-developed, logical paragraph.

e Students do not have to use the entire length of AB to make their two intersecting
circles for this construction to work. As long as they make two circles of the same
radius, where the radius is larger than half of AB, it will work. This could be left as an
extension or further exercise for students to explore or to prove.

e After this lesson, students can do follow-up work or do another construction.



CONSTRUCTING A PERPENDICULAR THROUGH

A POINT ON THE LINE

PREREQUISITES

Constructing a Perpendicular Bisector. If we wish to do the formal proof, then
students need Euclid’s Definitions, Euclid’s Axioms or Postulates, Common Notions,
and work from the Chapter of Congruency.

PRESENTATION

SAY “We know how to make a perpendicular bisector, which is a perpendicular
line that goes through the midpoint. What if we want our line to go through
some other point on the line that is not the midpoint? How can we do that?”

Students can try and may discover how to do it on their own.

SAY “Here is line AB and a point P on the
line. We want the perpendicular line to go P
through this point P.”

SAY “What would happen if | did the construction of the perpendicular bisector
of AB? It certainly would not go through P. It sure would be nice if P was the
midpoint of AB, then this would be easy! It isn’t, but P /s the midpoint of two
other points. Let’s find those points!”

Make a circle of any size around P.

AB by using Postulate 2.

SAY “This circle meets our line AB in two

points, C and D. | say that P is the midpoint

of AB. Why would that be? Yes, because

PC and PD are both the radii of the came

circle (Postulate 3). Now, if we construct A
the perpendicular bisector of the line CD,

it will go through the midpoint, which is P.

Let’s construct the perpendicular bisector

of the line CD.”

e If it does not intersect AB, we can extend A @ B
E
Pl D
F

SAY “What would happen if P were close

to either A or B, and our circle P only B
intersected AB in one point? What could 4 c. p_ o
we do? We could use Postulate 2 to extend

the line AB as far as we need.”

We could do this now as the initial question, or as it comes up as students practice and
work. After this lesson, students can do follow-up work or do another construction.
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Justification

This construction works because by making CD around P, we are making P the
midpoint. Therefore, the construction of the perpendicular bisector of CD will go
through P.

Proof

This proof is similar to the justification if we
rely on the previously proved construction. E
However, we can do it fully in a shorter way.

Construct circle P. Label the intersection
points of circle P and AB as Cand D. If there c\ Pl D
is only one intersection point, extend AB
so a second intersection point is formed.
We can do this because of Postulate 2.

Since EF is the perpendicular bisector of CD, it must intersect at the midpoint.
By construction, P is the midpoint of CD since PC = PB are radii of the same circle.
Therefore, P is on the line EF and EF is perpendicular to AB.

NOTES

* We do not have to make both points, E and F. Since we know EF will go through P,
we can just use EP.

* For this, the justification and the proof are similar. However, we must remember that
we rely on doing the proof for the perpendicular bisector, which was done previously.
If not, we would have to prove that EF is the perpendicular bisector of CD in the same
way we did of AB.

CONSTRUCTING A PERPENDICULAR THROUGH

A POINT NOT ON THE LINE

PREREQUISITES

Constructing a Perpendicular Bisector through a Point on the Line. If we wish to
do the formal proof, then students need Euclid’s Definitions, Euclid’s Axioms or
Postulates, Common Notions, and work from the Chapter of Congruency.

PRESENTATION

SAY “We know how to find a perpendicular
to a line through a point that is on the line.
What if the point isn’t on the line? What A B
can we do then?”

Students can try and may discover the construction for themselves.



SAY “Last time, when we did a

perpendicular line through a point that

wasn’t the midpoint, we made it the

midpoint of another line by making a circle Pe
around that point. We can do the same

thing here. Let’s make a circle around ——e——————0-F------------:

point P so that it intersects with AB in two
places. Remember, if your circle is too big,
we can extend AB. We'll label those two

points C and D.” E

SAY “Now, let’s make the perpendicular

bisector of CD just like before, and that line o—o—— 1 oo |

will go through P.”

After this lesson, students can do follow-up
work or learn another construction. r

Justification

By drawing the circle about point P, C and D are equidistant from P. This makes
P above the midpoint of CD. Since the perpendicular bisector goes through the
midpoint, the perpendicular bisector goes through P.

Proof

We want to show that the perpendicular
bisector of CD goes through point P. Let

the midpoint of CD be M. EF goes through M,
but assume it does not go through P.
Construct line PM.

Since M is a midpoint, MC = MD. PC = PD
since they are radii of the same circle.
Further, MP = MP because of the reflexive
property, and hence APMC = APMD because
of SSS. Therefore, those two triangles

have parts that are congruent, namely
ZPMC = £PMD. Since those two angles are
equal and supplementary, they must be

right angles. Therefore, MP is a perpendicular
bisector of CD and P is on that bisector.

——o Iy

=

>
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NOTES

* Students sometimes struggle with making their new line segment CD too small or too
big. If students make the work too small, the compass becomes difficult to work with
and the error because of the thickness of the pencil lines becomes more significant.
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CONSTRUCTING AN ANGLE BISECTOR

The construction of this is easier and clearer if we make arcs instead of full circles.
Students can short cut to that after they understand the work.

PREREQUISITES

Constructing a Perpendicular Bisector. If we wish to do the formal proof, then
students need Euclid’s Definitions, Euclid’s Axioms or Postulates, Common Notions,
and work from the Chapter of Congruency.

PRESENTATION

SAY “We know how to bisect a line,

but what about bisecting an angle? A
Bisecting an angle means we will cut

the angle into two equal pieces. Let’s

start with angle P. Construct a circle B
around P and call the intersection

points with the rays of the angle A

and B.”

SAY “Let’s make the line AB and
then construct the perpendicular
bisector of AB. We can see that the
perpendicular bisector goes through
P. That perpendicular bisector of AB
is also the angle bisector of angle P.
Now, all we really need is that
bisector. We don’t have to draw in
the line AB if we don’t want.”

e We also don’t need full circles.
We can make one set of arcs and A
connect this directly to P since we
know that bisector will go through
P. We can show that now or at /B
another time.

Justification

This is the same construction as making a perpendicular through a point not on the
line. We know that everything is symmetrical, so this bisector will also cut the angle
into two equal pieces.



Proof

Construct line AB with midpoint M.

Since AABP is isosceles, we know that A
the perpendicular bisector of AB goes

through point P (see construction of

a perpendicular through a point not on /B
the line). To show that MP is a bisector

of «P, we must show ZAPM = Z/BPM.

We know AP = BP because they are radii of the same circle. Also, AM = BM by
definition of midpoint. Lastly, PM = PM by the reflexive property, so AAPM = ABPM.
by SSS. Therefore, the corresponding parts of the triangles are congruent, notably
ZAPM = /BPM. Therefore, MP is a bisector of ZP.

NOTES

* Once again, the intersecting circles around A and B do not have to be the length AB.
They can be any size as long as they are greater than half the length of AB and are
both equal, though it is most convenient to make them the same size as PA. This way,
the compass never has to change sizes

COPYING AN ANGLE

The construction of this is easier and clearer if we make arcs instead of full circles.
Students can short cut to that after they understand the work.

PREREQUISITES

Constructing a Perpendicular Bisector. If we wish to do the formal proof, then
students need Euclid’s Definitions, Euclid’s Axioms or Postulates, Common Notions,
and work from the Chapter of Congruency.

PRESENTATION

SAY “Our last construction is how to copy an angle. Oftentimes when we have
duplicates of things, we want to use the same letters to show they are related,
but we don’t want it to be confusing by using the same letter. When we have
a copy of a point, say point A, we will call it A’, read A prime. This way we know
they are related. This will help us in our instructions. Let’s say we want to make
a copy of £P. Let’s start by making ray P’ wherever we want the angle to be.”

H
W
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SAY “Now, let’s make a circle of any size we like around P. We will call the two
intersection points A and B. Now we will make a circle of the same size around
P’. We can see that there will only be one intersection point since we only have
one ray. What should we call that one intersection point? Since it matches with
B, we will call it B".”

SAY “We need to know where to put A”. Remember, our compass is used to
measure distances. Let’s make the circle from B to A. If we look at this original
angle, A is at the intersection point of circle P and circle B. If we copy that circle
around B’, A’ should be at the intersection of circle P’ and circle B".”

SAY “Now we can construct P’A’
to complete our copied angle.”

After this lesson, students can do
follow-up work.

Justification

All the circles are the same size in both drawings, so everything must be the same.

Proof

We must show that ZAPB = ZA’P’B’. PB = P’B’ because by construction, ©P = OP’
and therefore have the same radii. BA = B’A’ because by construction, ©B = ®B’ and
therefore have the same radii. A’ is the intersection of ©B” and ©P’, and is therefore
on OP’. Since PA is a radius of OP, and P’A’ is a radius of ©P’, and OP = OP’, they
must be congruent; that is, PA = P’A’. Therefore, AAPB = AA’P’B’ by SSS and all their
corresponding angles are congruent, namely ZAPB = ZA’P’B’, which is what needs
to be shown.



Construction Extensions
and Activities

These six basic constructions are the building blocks of many others. Below are
some organizational maps showing what other constructions could be used as
follow-up activities. Students should have options as to what level of guidance
they would like in figuring out the follow-up instructions. They can be told to
try to construct something (see the map or list forms below), or they can be
given some hints and guidance (“experiment” instructions after the maps). For
completeness, direct instructions on the six basic constructions are provided,
which could also be given to the students.

While we could teach students how to do these follow-up constructions, this
is their chance to think, use logic, and to use their skills and previous knowledge in
creative ways. Doing the constructions from the titles can lead to lots of variation
in approach and interpretation of the question, and that is partly why hints and
instructions are provided. For example, “Constructing a Square” can be done in
many ways. The simplest is to make a circle with a diameter, make the perpendicular
bisector of that diameter, and then connect the four intersection points of these two
diameters of the circle. However, the intention was for them to construct a square
given one side. This is a more challenging construction, but ultimately more useful.
We might want to clarify the givens in these constructions, or we can let students
find clever ways to do them. Many times, students will do both.

After students do a new construction, they can write instructions and
justification or a proof explaining how and why their construction works. Students
can also do many projects based on this work, and there is a list of projects and
some samples at the end of the construction instructions.

For the student maps, each activity has a prerequisite or prerequisites indicated
by arrows. They can choose any activity as long as they have the necessary
prerequisite activities and skills complete. Various shapes indicate to the student
the nature of the activity. A rectangle indicates an important activity that students
should perform. The stars are key activities, ones that students should concentrate
on and are critical that they accomplish. The ellipses are optional activities that lend
depth, diversion, or advancement not critical to the flow of work at this time. These
charts will continue to develop as they are used in the classroom.
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INDEPENDENT CONSTRUCTION WORK FOR STUDENTS

GEOMETRIC CONSTRUCTIONS ITINERARY

How to Construct an Equilateral Triangle

Experiment: Constructing an Isosceles Triangle

Experiment: Constructing a Scalene Triangle

Experiment: Constructing a Triangle Given Three Sides
Experiment: Impossible Triangles

Experiment: Constructing a Rhombus

Experiment: Constructing a Kite

Experiment: Constructing a Regular Hexagon

How to Construct a Perpendicular Bisector

Experiment: Constructing a Regular Octagon

Experiment: Constructing the Perpendicular Bisectors of a Triangle
Experiment: Circumscribing a Triangle

Experiment: Constructing the Medians of a Triangle

Experiment: How to Construct the Center of a Circle

How to Construct a Perpendicular through a Point on the Line
Experiment: Constructing a Rectangle
Experiment: Constructing a Square
Experiment: Constructing Right Triangles
Experiment: Constructing Right Triangles in a Circle
Experiment: Constructing Square Roots
Experiment: Constructing a Regular Pentagon
Experiment: Constructing a Tangent to a Point on a Circle
Experiment: Constructing Tangents to a Circle though another Point

Experiment: Constructing Tangents to Two Circles

How to Construct a Perpendicular through a Point not on the Line
Experiment: Constructing the Altitudes of a Triangle

Experiment: Inscribing and Circumscribing a Square

How to Construct Angle Bisectors
Experiment: Constructing the Angle Bisectors of a Triangle

Experiment: Inscribing a Circle

How to Copy an Angle

Experiment: Constructing a Parallel Line through a Point
Experiment: Constructing a Parallelogram

Experiment: Constructing a Rhombus on a Given Side
Experiment: Constructing Similar Triangles

Experiment: Dissecting a Segment

Experiment: Properties of Diagonals
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CONSTRUCTION INSTRUCTIONS

How to Construct an Equilateral Triangle

Given line segment AB, construct an
equilateral triangle on AB.

|

Construct circle AB.

0

Construct circle BA.

Call one of the intersection points C, and
then construct line segments AC and AB.

I | I

Explanation

All radii of circle AB are equal, so AB = AC, since they are radii of the same circle.
Also, BA and BC are radii of the same circle, so BA = BC. Therefore, we have both
AC and BC equal to the original line segment, AB, and all segments must be equal
to each other (transitive property).

Changing the Lengths of the Sides of a Triangle

Instead of making the circles the same length as AB, what happens if you make them
both longer than AB (but the same as each other)?

Then, instead of making the circles the same length as AB, what happens if you
make them both shorter than AB (but the same as each other)?

What happens if you only make one of the circles the same length as AB?

What happens if you make the circles different from AB and each other?

S Y358 Constructing a Rhombus

A rhombus is a quadrilateral with four equal sides. Instead of using your circles to
construct just one equilateral or isosceles triangle, could you use the same picture
to construct two of them?



S35 Constructing a Kite

Instead of using one set of circles to make one triangle built on one side of AB, could
you do two different triangles on different sides of AB?

Constructing a Triangle Given Three Sides

Draw three line segments of any size, like this:

You can construct segments of the same length by using your compass to
“measure” the length (you are not really measuring, but constructing two circles

of equal size so that the radii, and thus the segments, are the same size). Construct
a segment that is the same as the longest segment here.

When you constructed non-equilateral triangles, you picked any length you wanted
for the circles for to make the other sides. What do you think you should pick for
the size of your circles now?

SN Impossible Triangles

It is possible to pick three different lengths that will not make a triangle at all. Like
above, draw the segments before you put them in the triangle, but try making one
of the sides very small. Write about under what conditions three side lengths will or
will not make a triangle.

213003k Constructing a Hexagon

A regular hexagon is made of 6 equilateral triangles!

Once you have one built, let C be the center of c
circle CA. AB is now one of the sides of your
hexagon. Then build the other triangles in this
circle. In fact, you can build two more instantly,
without even using your compass! Your circle
should circumscribe your hexagon.
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HOW TO CONSTRUCT A PERPENDICULAR BISECTOR

Do the construction for an equilateral triangle,
but do not draw in the triangle.

Your circles intersect in two points. One we
called C. Call the other D.

Draw line CD. This is the perpendicular bisector
of AB, meaning the intersection point of CD
and AB is the midpoint of AB, and that CD

and AB meet at right angles; that is, AB L CD.

Explanation

Q

)

d
-

One explanation is that everything is symmetrical. Let E be the intersection point.
If we folded the construction on the line CD, everything would match up, meaning

that AE = BE and ZCEA = ZCEB.

Explanation
We can construct AC, AD, CB, and DC.

Now, ACAD = ACBD since they all have the
same length sides (AC = CB, AD = BD, and

CD = CB). Since the triangles are the same, the
angles must be the same, so ZACD = Z/BCD.
Since AACB is equilateral, ZCAB = ZCBA.
Therefore, if we look at ACAE and ACBE, since
two of the angles are the same, the third angle
must be the same: ZCEA = ZCEB.



Since they both lie on the same line, and they are equal, they both must be right
angles. This is why AB L CD. This also means that ZCAE and ZCBE are right angles.
They both have the same length hypotenuse (CB and AC) and they both have one
leg that is the same (they share CE). By the Pythagorean theorem, the other legs
must be equal. These legs are AE and BE This means that AB has been bisected at E.

23R Constructing the Perpendicular Bisectors of a Triangle

Draw any triangle. Construct the perpendicular bisectors of one side. Repeat this
construction for each of the three sides. Make sure that the perpendicular bisectors
are lines, not line segments. Make any observations you can. Try this for different
types of triangles. If you wish, you can construct this on The Geometer’s Sketchpad
(GSP) on your computer to make, explore, or verify your conjectures.

2R3 Circumscribing a Triangle

Construct the perpendicular bisectors of a triangle. They should all meet in a point
called the circumcenter of the triangle. Construct a circle from this point to any
vertex. Make any observations. Try this for different types of triangles. If you wish,
you can construct this as well on the GSP program to make, explore, or verify your
conjectures. What does this say about the location of the circumcenter to the
vertices? How could this be helpful in an application, such as designing where to
put the bathrooms in a public park?

2SN Constructing the Medians of a Triangle

Draw any triangle. Construct the perpendicular bisectors of one side. This creates
the midpoint of that side. Repeat this construction for each of the three sides. Now
construct each median, which is the line segment from the midpoint to the opposite
vertex. Now you have the three medians drawn. Make any observations you can. If
you wish, you can construct this as well on the GSP program to make, explore, or
verify your conjectures. Do research on the medians of a triangle.

S5 How to Construct the Center of a Circle

Pick any two points on the circumference of a circle. Construct the perpendicular
bisector. Pick two different points on the same circle and repeat. Do you see
the center?

0
puety

2 « Chapter of Constructions



wn
N

TEACHING GEOMETRY TO THE ADOLESCENT: A Montessori Approach

HOW TO CONSTRUCT A PERPENDICULAR THROUGH A POINT
ON THE LINE

Let point P be the point through
which we wish to draw the
perpendicular line.

Construct a circle of any reasonable P
size about P.

Extend the line segment if necessary m
so that it intersects the circle in two A B
points, A and B. U

A
// I, \\ \\
’ ’ \ \
. 1 ) \J \\
Now construct the perpendicular '.’ P \\ '
bisector of AB. This will go through P. : a B i
I“ I“ l'l l'l
\ \ 1 1
AY \ ’ 4
AY \ 4 4
\\ \\ // ’/
Sl b 34 e
v

Explanation

By drawing the circle about point P, A and B are equidistant from P. This makes P
the midpoint of AB. Since the perpendicular bisector goes through the midpoint,
the perpendicular bisector of AB goes through P.

2935 Constructing a Rectangle

Start with a segment AB. This will be the base of your rectangle. Now extend the
segment in both directions. Construct the perpendicular through 4, and then again
through B. The heights must be the same, so use your compass to make equal
circles. Follow-up question: How can you construct a rectangle that is twice as long
as it is tall?

S E58) Constructing a Square

Start with a segment AB. This will be the base of your square. Now extend the
segment in both directions. Construct the perpendicular through A, and then again
through B. The heights must be the same as the height of AB, so use your compass
to make equal circles AB and BA to make the heights the same.

Alternate method: Make the perpendicular through A only. Construct circle AB to
find C, which is the height of the left side. Now make circles CA and BA. Where these
intersect, call it D, the fourth corner of your square.



Y358 Constructing an Octagon

Construct a square and find the center. Inscribe the square in a circle. Then, bisect
the sides and see where they intersect the circle.

Constructing Right Triangles

Given segment AB as your base, extend the segment in the direction of A and
construct a perpendicular through A. Decide how tall you want your triangle to be
and mark off this point.

Constructing Right Triangles in a Circle

Construct a circle and its diameter. Pick any point on the circumference. Does this
make a right triangle? Use the GSP software to try different points on the circle, and
measure their angles.

9358 Constructing Square Roots

Using the Pythagorean theorem, 1% + 32 = 10%, so the hypotenuse of a right triangle
with legs 1and 3 is \/ﬁ Units can be measured by using congruent circles. Can you
construct segments the lengths of all the square roots from 1to 10? Beyond that?

Y558 Constructing a Pentagon

The diagonals of a pentagon are length 1445

You can try this on GSP if you wish.

as compared to a unit for each side.

230 Constructing a Tangent to a Point on a Circle

Construct the radius through this point, and then construct the perpendicular to
the radius through this point.

2 301003 Constructing Tangents to a Circle though another Point

Construct segment OP from the center, O, to the point outside the circle, P.
Construct circle with radius OP.

2 AE Constructing Tangents to Two Circles

You can try this on GSP if you wish. Take circles with centers A and B that have no
points in common and where the radius of A is greater than B. Construct line AB.
Construct the perpendiculars to AB through A and B. Call the intersections of circles
A and B on the same side of AB, C, and D, respectively. Draw line CD so it intersects
with AB and call this point P. Construct the segment BP and find the midpoint of AB,
M. Construct circle with radius BM. Call the intersection of this circle with circle B
point T. Now construct PT, which will be the tangent line to both circles.
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HOW TO CONSTRUCT A PERPENDICULAR THROUGH A POINT
NOT ON THE LINE

Let point P be the point through P
which we wish to draw the
perpendicular line.

Construct a circle of any reasonable

size about P, but make sure f’
it can intersect the line in

two places.

Extend the line segment if necessary P

so that it intersects the circle in
two points, A and B.

Now construct the
perpendicular bisector
of AB. This will go
through P.

d
|

Explanation

By drawing the circle about point P, A and B are equidistant from P. This makes
P above the midpoint of AB. Since the perpendicular bisector goes through the
midpoint, the perpendicular bisector goes through P.

2SN Constructing the Altitudes of a Triangle

The altitudes are the lines through a vertex and perpendicular to the base. Consider
only one side of the triangle and the vertex opposite it. Construct the perpendicular
to this side through that vertex. Now do that for all three sides.



S0 Inscribing and Circumscribing a Square

Construct the diagonals and find the center of the square. Construct a line
perpendicular to the side of the square that goes through the center.

HOW TO CONSTRUCT ANGLE BISECTORS

Consider angle BAC.

Construct a circle about A of any
size, so long as it intersects both A E

sides of the angles. Label the
intersections D and E.

Construct circle DA and EA.

These will intersect in F.

Construct AF. This is the

angle bisector.
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Explanation

If we imagine constructing line DE, then AADE is an isosceles triangle. Then AFED is
an isosceles triangle that is equal to AADE. So AF is the perpendicular bisector of DE,
and because of symmetry, AADF = AAEF and so ZDAF = ZEAF.

Constructing the Angle Bisectors of a Triangle

Bisect each angle of a triangle. Make any observations. Try this for different types
of triangles. If you wish, construct this as well on the GSP program to make, explore,
or verify your conjectures.

2RSS Inscribing a Circle

Construct the incenter of a triangle (where the angle bisectors meet). Construct
a perpendicular from the incenter to any side.

HOW TO COPY AN ANGLE
Given angle ABC.

B C

Construct a line segment, DE of any reasonable size.

A

B c D E

Construct circle about B so it intersects AB and BC. Call these points Pand Q
respectively.




Construct a circle about D that is the same size as circle B. Let the intersection of
circle D and DE be called R.

A
P
B 0 C D R E

Construct circle QP, and then construct a circle of the same size about R. Call the
intersection of circle D and R, S.

A
P S
B Q C D R E

Construct ray DS. Now ZSDR = ZABC.

A
P S
B Q C D R E

Explanation

By constructing circle B and creating P and Q, an isosceles triangle has been formed
(though not drawn). The triangle is reproduced by measuring each of the sides, so
ZPBQ = ZSDR. Therefore, the angles B and D must be the same.

23 Constructing Parallel Lines

Given a line AB, draw a point not on the line, called P. Construct ray AP, and now
copy the angle with vertex at P.

S35 Constructing a Parallelogram

Construct two adjacent sides any size you like. Copy the angle you have at any of
the open-ended vertices. Then use your compass to measure the length to make the
opposite sides equal.
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S35 Constructing a Rhombus on a Given Side

Construct a parallelogram and make all the sides equal length.

2SR Constructing Similar Triangles

Given a triangle, copy one angle. Choose the length of one of the sides to be
whatever you like. Now copy the angle at the other vertex of this side you just made.

99358 Dissecting a Segment

Here’s how to take a line segment AB and divide it into three equal segments.
Construct a ray from A. Mark off three equal segments of any size. Call the last point
C. Construct segment BC. Now make parallel lines to BC by copying angle ACB. Can
you take another segment and divide it into five equal segments? n equal segments?

S G0 S3E) Properties of Diagonals

Construct rhombi, squares, rectangles, kites, and parallelograms, and then construct
their diagonals. What conclusions can you draw? You may use GSP for this.

CONSTRUCTION PROJECTS

PROJECT IDEAS

e Construct regular polygons 1-8 given a side, with instructions

e Construct square roots

e Explore Centers of Circles
- Construct each of the four centers and research practical applications
- Construct the Euler line
- Constructing centers of gravity (triangle and beyond?)
- Geometrically prove the existence of any of the centers

- Explore other points such as the nine-point center, excenter, Apollonius
Point, Feuerbach Point, Gergonne Point, Fermat Point, etc.

e Construct examples of a rhombus, kite, and right triangle

e Create a piece of art (blueprint and final) using x amount of constructions

SAMPLE PROJECTS

Below are ready-made sample projects that students can do. One should feel free
to use them as they are, or to alter them to meet the needs of the students or the
objectives of the class. This first project is essentially a summary and consolidation
of the experiments.



CONSTRUCTIONS APPLICATIONS PROJECT

Name

These questions are to be answered on separate paper.

0 Non-Equilateral Constructions

a.

Start with a line segment. Instead of constructing an equilateral triangle,
construct an isosceles triangle.

Write your steps for how to construct it.
Write why you know it is actually isosceles.

Start with another line segment. Instead of constructing an equilateral
or isosceles triangle, construct a scalene triangle.

Write your steps as how to construct it.

Write why you know it is actually scalene.

e Impossible Triangles

Use the geometry sticks to build a triangle of lengths 10, 7, and 5.

Use the geometry sticks to build a triangle of lengths 10, 3, and 4. Write
down your observations.

If one stick is length 10, what must be true of the other two sides to make
a triangle? Experiment with the geometry sticks to verify your response.

Experiment more with other length sticks and write a general statement
about the relationship between the lengths of the sides of a triangle that
actually make a triangle.

Write an explanation for your relationship using the idea of construction
with compass and straightedge.

e Constructing a Regular Hexagon

Construct triangle ABC on segment AB.
Construct circle CA.

Now construct five more equilateral triangles about point C. The circle you
just made should help you do it quickly.

Using what you just did, try to make a regular hexagon without actually
drawing any triangles.

Explain why your construction makes a regular hexagon.

Teaching Geometry to the Adolescent: A Montessori Approach ISBN 978-0-XXX-XXXXX-X
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CONSTRUCTIONS APPLICATIONS PROJECT continued

Constructing a Rectangle

b.

Given line segment AB, construct a rectangle with AB as one of the sides.

Write a justification for how you know this construction gives you a rectangle.

Constructing a Square

a.

b.

Given line segment AB, construct a square with AB as one of the sides.

Write a justification for how you know this construction gives you a square.

Constructing the Orthocenter

Construct any acute scalene triangle.

The height, or altitude, of a triangle is the line perpendicular to a given
side that goes through the opposite vertex. Construct all three altitudes
of this triangle.

Repeat the construction for an obtuse triangle. You should observe that
in both cases, all three altitudes met in a point. This point is called the
orthocenter. Label this in both of your triangles.

Use The Geometer’s Sketchpad on your computer to repeat this
construction for any triangle. Move the vertices to create different triangles
to demonstrate that the altitudes meet. Take some screen shots of these
triangles to include in your final report.

Constructing a Parallelogram

a
b.
c.
d.

Draw segment AB, and a point P not on AB.
Draw a ray from A through P.
Copy angle BAP at P so the new side of the angle is parallel to AB.

Now construct a parallelogram and write down your steps.

Dissecting a Segment

a.

=~ 0o o o0

Draw segment AB. We know how to split this segment into two equal
segments. Now we want to split this segment into three equal segments.
Construct line segment AC.

With your compass, mark off three equal segments of AC starting at A and
label the points in order from A: D, E, F.

Construct segment FB.
Copy angle AFB to make two parallel lines to FB at D and E.
Segment AB should now be dissected into three equal segments.

Repeat this process for another segment, but dissect it into five equal
segments.

Teaching Geometry to the Adolescent: A Montessori Approach ISBN 978-0-XXX-XXXXX-X
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CONSTRUCTIONS APPLICATIONS PROJECT continued

e Constructing the Incenter
Construct any acute scalene triangle.
b. Construct the angle bisectors of each of the three angles.

c. Repeat the construction for an obtuse triangle. You should observe that in
both cases, all three angle bisectors met in a point. This point is called the
incenter. Label this in both of your triangles.

d. For each triangle, construct a perpendicular from the incenter to any one
of the sides. Label this point P.

e. Construct a circle with the center at the incenter and radius the length of
the incenter to P. Write down any observations, and conjecture why this
point is called the incenter.

f. Use The Geometer’s Sketchpad on your computer to repeat this
construction for any triangle. Move the vertices to create different triangles
to demonstrate that the altitudes meet. Take some screen shots of these
triangles to include in your final report.

@ Constructing the Circumcenter
Construct any acute scalene triangle.
b. Construct the perpendicular bisectors of each of the three sides.

c. Repeat the construction for an obtuse triangle. You should observe that
in both cases, all three perpendicular bisectors met in a point. This point
is called the circumcenter. Label this in both of your triangles.

d. For each triangle, construct a circle from the circumcenter to any vertex.
Write down any observations, and conjecture why this point is called the
circumcenter.

e. Use The Geometer’s Sketchpad on your computer to repeat this
construction for any triangle. Move the vertices to create different triangles
to demonstrate that the altitudes meet. Take some screen shots of these
triangles to include in your final report.

Teaching Geometry to the Adolescent: A Montessori Approach ISBN 978-0-XXX-XXXXX-X
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CONSTRUCTIONS ARTWORK

Name

Abstract

You will create two pictures. One is a “blueprint” or behind-the-scenes
demonstration of your work, and the second is a finished copy—decorated,
embellished, and colored.

Procedures
o Create a blueprint or behind-the-scenes demonstration of your work. Your

work must contain at /east the following constructions, and you must show the
construction in your blueprint:

Rectangle Equilateral triangle Square

Rhombus Parallelogram Pair of copied angles
Angle bisector Perpendicular bisector Circle

Hexagon Line divided into three or more equal segments

e Create a finished copy that is decorated, embellished and colored. The idea
is that if you look at the finished piece, it will look like a piece of art, but by
examining the blueprint, we can see all the geometry that has gone behind it.

Product

Your blueprint and piece of art will be your final product.

Presentation

Share your artwork and the story of how you made it. You can do this at the end of
the unit.

Teaching Geometry to the Adolescent: A Montessori Approach ISBN 978-0-XXX-XXXXX-X
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EUCLID’S ELEMENTS PROJECT

Name

Abstract

Euclid’s Elements, written over 2000 years ago, is one of the most important and
influential books in the history of humankind. It has influenced every major field of
study and remains relevant today. It is even said that Abraham Lincoln kept a copy
and read it every evening as a young lawyer to sharpen his mind. This helped him
create arguments based in pure logic throughout his career. While E/lements consists
of thirteen books, you will do an in-depth study of Book |. This project will count as
three large projects.

Procedures

You will keep a journal/log/book of all your work in sequential order. The work for
the book will consist of the following:

o A 3-5 page written paper on the Definitions that Euclid uses. Choose some
definitions with which to summarize, explain, and agree or disagree. Give a
summary of the axioms and common notions and explain their significance.

e Euclid’s Elements consists of forty-eight propositions, all in sequential order.
For each proposition you will:

State what it is in Euclid’s words.
b. State what you think it means in your own words.

c. Each proposition usually contains both a process and a proof as to why that
process does what Euclid says it does. Your goal is to:

i. Explain the process in easy-to-understand language.
Illustrate as much as necessary to make your writing clear.

ii. Give a clear summary of the proof. This may also require illustrations.

Sometimes both can be combined into one write-up, but other times it may be
helpful to separate the process from the proof. That is up to you. Your goal is
to be clear and thorough. A key rule here is not to write anything down in your
final notebook until you completely understand what it is saying and can think
it through in your own mind.

e Some propositions have a part that says “Similarly ...” That is an exercise left for
the reader by Euclid. You will do these exercises in a similar to style to c.
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EUCLID’S ELEMENTS PROJECT continued

o You need to teach any FIVE propositions to TWO classmates. When you are
done, give them the attached survey (You should be familiar with the survey
as you prepare to teach!).

e You will also present at least one proposition at each of the three presentation
days throughout the semester.

It is STRONGLY suggested that you keep a regular pace of work throughout the
semester and check your propositions with your teacher as you are working. Do not
save the final check for the end.

Product

Your own version of Euclid’s E/lements. Your pupils must also complete the surveys.

Presentation

You must present a total of three propositions to the class on the presentation days.
You are also free to share any of your other work at these times.
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NEPAL FLAG CONSTRUCTION

Name

Abstract

Nepal is a country in Asia located in the Himalayan Mountains. Its constitution has
many provisions, including the following, which is Article 5:

5: National Flag

The national flag of Nepal, as handed down by tradition, consists
of two juxtaposed triangular figures with a crimson-coloured
base and deep blue borders, there being a white emblem of the
crescent moon with eight rays visible out of sixteen in the upper
part and a white emblem of a twelve rayed sun in the lower part.
The method of drawing out the flag and other particulars relating
thereto shall be as set forth in Schedule 1.

For this project, you will follow the directions set forth in Schedule 1 of the Nepalese
constitution and make the flag.

Procedures

Go to http:/www.crwflags.com/fotw/flags/np-law.html or do some further research
to find the original Constitution of Nepal for your instructions. Follow them to make
your flag.

Product

You should have a flag when you are done. It can be made of whatever you like.
Somehow, you should let the viewer know this was constructed by geometry and
that it is found in the constitution.

Presentation

Share your flag and the story of how you made it. You can do this at the end of
the unit.
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REGULAR POLYGONS

Name

Abstract

A regular polygon is a figure that has all sides and angles equal. You already
constructed the regular 3-gon (also called an equilateral triangle), a regular 4-gon
(also called a square), and a regular 6-gon (also called a hexagon). For this project,
you will also construct a regular 5-gon, 8-gon, 10-gon, and 12-gon.

Procedures

o Explore or research how to construct each of the regular polygons with 3, 4, 5,
6, 8, 10, and 12 sides.

e Construct each one. You may use straightedge and compass OR the GSP
program on your computer.

e With each illustration, give its proper name and a set of instructions on how to
perform the construction.

0 Choose ONE of the regular 5-, 8-, 10-, or 12-sided polygons to teach to TWO
classmates and have them fill out the survey. (You should be familiar with the
survey as you prepare to teach!)

Product

Check the framed possible project products or think of a different one that will
show your knowledge of all constructions well. Make sure to have your pupils turn
in a copy of the survey.

Presentation

Part of your presentation is to your two students. You also may choose to present
this project at the end of the unit.
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